LARGE DEVIATIONS FOR THE EXTENDED HESTON MODEL: THE 

LARGE-TIME CASE 

ANTOINE JACQUIER AND ALEKSANDAR MIJATOVIC 

Ch ' Abstract. We study here the large-time behaviour of all continuous affine stochastic volatility models 

(in the sense of I15p and deduce a closed-form formula for the large-maturity implied volatility smile. 

fv^ ' Based on refinements of the Gartner-Ellis theorem on the real line, our proof reveals pathological be- 

j, ' haviours of the asymptotic smile. In particular, we show that the condition assumed in 1101 under which 

the Heston implied volatility converges to the SVI parameterisation is necessary and sufficient. 
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1. Introduction 



P^ ' We are interested here in the large-time behaviour of the process (t ^XtY , where X is defined via 

Ph the system of stochastic differential equations 

d: ... 1 



C4^ . dXt =-^{a + Vt) dt + pVVidWl + ^a + {l- p^) Vt dW^, Xq = x e R, 

Cr' dVt ^{b + l3Vt)dt+^^tdWl, yo-^'e(0,oo), 

I with a, 6 > 0, a > 0, /3 e M, /9 e [—1, 1] and (VF/, W^t^) . is a two-dimensional standard Brownian motion. 
►^ ' The couple {Xt, Vt)t>o represents the restriction to continuous paths of the whole class of affine stochastic 
^^ ' volatility models with jumps (ASVM), introduced by Keller- Ressel [15]. In particular it encompasses the 
f^ ' popular Heston stochastic volatility model [TT], in which 6 > and /3 < 0. The weak convergence of 
'^ ■ the process {t~^Xt^ has been studied in [6l [7] for the Heston model and in [12] for ASVM, via the 
^^ ■ Gartner-Ellis theorem from large deviations theory. This convergence is the main ingredient needed to 
^NJ ' obtain the large-maturity behaviour of the implied volatility in these models. However the authors have 
. . ■ imposed technical conditions on the parameters, which ensures that the assumptions of the Gartner-Ellis 
. ^ • theorem are met: (i) the limiting cumulant generating function A is essentially smooth inside a domain 
^\ • D and (ii) the interior D contains the origin. 

d • Even though these conditions are usually satisfied in practice, they can actually be broken when 

calibrating the model for volatile markets. In terms of the parameters these two conditions — assumed 
in [21 17] — read /3 < and /? -|- pVa < 0. The second assumption makes sense on equity markets where 
the correlation is usually negative. However, on FX markets, the correlation between the asset and 
its volatility is not necessarily so (see [13] for instance), and a large value of the variance of volatility 
parameter a can violate this assumption. In [T], Andersen and Pitcrbarg studied the moment explosions 
of the Heston model (and other stochastic volatility models). They assume /3 < 0, but it appears that 
the restriction /3 + p\/a < may also be needed. In [20j the authors highlighted the importance of this 
latter condition by proving that the Heston model remains of Heston form under the Share measure (i.e. 
taking the share price as the numeraire) with new mean-reversion speed ~{/3 + p\foi). This in particular 
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implies that the left wing of the smile could be deduced from the right wing automatically by symmetry. 
This may not be true however when this condition fails. Reversing the symmetry, the case where the 
mean-reversion — /3 (in the original measure) is positive becomes interesting to study as well. 

We show here that a large deviations principle still holds (as t tends to infinity) for the process 
(t~^Xj) when the two conditions (i) and (ii) above fail, i.e. without the technical assumptions of [6l[7l 
112] . As an application, we translate this asymptotic behaviour into asymptotics of the implied volatility, 
corresponding to European vanilla options with payoff (e'^' — e^*) , for any real number x. In |10| . the 
authors proved that the so-called Stochastic Volatility Inspired (SVI) parametric form — first proposed 
in [9] — of the implied volatility was the genuine limit (as the maturity tends to infinity) of the Heston 
implied volatility under the same technical conditions as in [SI [71 [H] . We extend the scope of this result 
by proving that it remains partially true — i.e. on some subsets of the real line — without the technical 
conditions mentioned above. 

In Section[2l we study the limiting behaviour of the limiting cumulant generating function of the process 
(t~^Xt) „ and state the main result of the paper (Theorem 12. 12p . i.e. a large deviations principle for 
this process. In Section [31 we translate this LDP into option price and implied volatility asymptotics. 
Section [H contains the proof of the main theorem and Section [5] contains some technical results needed 
in the proof of the main theorem. 

2. LDP FOR CONTINUOUS AFFINE STOCHASTIC VOLATILITY MODELS 

2.1. The model and its effective domain. Throughout this paper we work on a probability space 
(17, J^, P) equipped with a filtration {J't)t>o supporting two independent Brownian motions W^ and W^. 
We consider affine stochastic volatility models in the sense of [TS] with continuous paths. Let {Xt, Vt)^yQ 
be an affine process with state-space M x M_|_ which satisfies the following SDE 
1 



dXt =--{a + Vt)dt + p^JVtAW} + v/a + (1 - p") Vt dVF^, Xq = .x e M, 
dVt ={h^p,Yt)At^^J~aVtAWl, Fo=we(0,oo), 

where the admissible parameter values are given by 

(2.2) a,6>0, a > 0, /3 e M and pe[-l,l]. 

The process (Vt)j>Q is a square- root diffusion process and the Yamada-Watanabe conditions [T3[ ensure 
that a unique non- negative strong solution exists. The share price process S = {St)t>Oi defined by 
St '■— exp {Xt), is a local martingale with respect to the filtration {J^t)t>o^ ^-nd |15l Theorem 2.5] implies 
that 5 is a true martingale. The Heston model |11| with mean-reversion rate k, positive long-time variance 
level 9, volatility of volatility a and correlation p, is in the class of models given by the SDE in ()2.1|) (take 
a = 0, b = k6 > Q, (3 ^ —k < 0, a = cr'^; the correlation parameter p has the same role as in p.!!) ). 

Remark 2.1. 

(i) The class of models defined by ()2.ip coincides with the class of affine stochastic volatility models 
with continuous sample paths. 

(ii) The parameter a adds modelling flexibility. 

(iii) The general form of the instantaneous variance of a continuous affine stochastic volatility log- 
stock process X is given by a+aV for some 5 > 0. A simple scaling of the process V in (|2.ip maps 
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the class of models given by (|2.1|) to the general case. Without loss of generality we therefore 
assume S = 1. 
(iv) The process U — (C^t)t>o defined by Ut := a + Vt for all < > follows the shifted square-root 
dynamics (see [16| for applications of the shifted square- root process in pricing theory). 

Let us define the cumulant generating function [^ At of the random variable Xt, where Xq ~ 0, by 

(2.3) At (u) := logE (exp (uXt)) , for any u e R, t> 0, 

as an extended real number in (—oo, oo]. The effective domain of At is defined by 23t := {u G R : At (u) < oo}. 
Note that by the Holder inequality the function At is convex on T>t. In order to give the structure of 
At(M) explicitly we need to define 

(2.4) X (u) ■■^fi + up^, 
as well as 

(2.5) ^{u):^(x{uf + au{l-u)f'^ and /, (^) := cosh (^iMl) - ^ sinh (^iM^ 

In Proposition 12.21 we show how to express the cumulant generating function of X in terms of the 
logarithmic moment generating function of model (j2.1[) with a = 0. 

Proposition 2.2. The logarithmic moment generating function At defined in (j2.3p reads 

At (u) = Af (u) + -u [u - 1) i, for all t > and u € Vt, 

where Af is given by ()2.3|) for the process X in (|2.1|) with a ~ 0. Furthermore we have 

Vt^{ueR : Af (w) < oo} 

and the following formula holds 

(2.6) Afiu)^-'-^(^+lo,ftiu))+^^^.inl.(2Ml)v, for all u e Vf 

Proof. It is well known that the logarithmic moment generating function of an affine process X given as 
a solution of SDE (12.11) is of the form 



At [u) = (j)t (u) + tpt (u) V for all t > and u £ Vt, 

where the functions (f>t,tpt : Vt ^ M. satisfy the system of Riccati equations (see e.g. |15) ) 

^2 7>> ^t<t)t (u) = F {u, ijt (u)) , 00 (u) = 0, 

dtiitiu) ^ R{u,iljt{u)) , ipo{u) = 0, 

with 

R {u, w) := —u {u — 1) + —w^ + uwpy/a + /3w and F {u, w) :— —u (m — 1) + bw. 

The Riccati equation equation for ipt can be solved in closed form 

'7 (u) t\ u{u — 1) 



fpt{u) = sinli 



7 {u) ft {u) '' 



We will use here the terms "logarithmic moment generating function" and "cumulant generating function" as synonyms. 
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where the functions 7 and ft are defined in p.Sp . The function ^t can be determined by noting that equa- 
tion (|2.7p is equivalent to (j)t {u) = J^ F {u, tps {u)) ds. Therefore (j)t {u) = au{u— 1) t/2 + b J^^ips (u) ds. 
The function A^ can be constructed in an analogous way on the set {u G M : A^(u) < 00} with R and 
F as above and a = 0. This concludes the proof. D 

In order to analyse the effective domain Vt we need to introduce the quantities u- and u+ given by 

1 2/3p + V^ - ^{2pp + V^f + 4/32 (1 - p2) 



(2.8) 



and 



(2.9) 



u_ := < 



00, 
/3V(2/3pV^+a) 



1 



p- 



—00 

32 



1 2/3p+V^+ J (2/3p + V^)"+ 4/32(1 -p2) 



2VS 



~P^/{2l3pV^+a) , 



if IpI < 1, 

if IpI = 1 and 2^p + ^a < 0, 
if IpI =: 1 and 2l3p + ^> 0, 

if IpI < 1, 

if \p\ = 1 and 2/3p + ^S > 0, 
if IpI = 1 and 2f3p+y/^< 0. 



Note that the inequalities u_ < and u+ > 1 hold for all admissible values of the parameters and that 
in the case \p\ < 1 the parabola 7(u)2 is strictly positive on the interior of the interval [u_,u_|-] between 
its distinct zeros. In the case \p\ — 1 the graph of the function 7(u)^ is a line and either u_ or u+ are 
infinite. For notational convenience we shall understand the interval [x, y] C M as [x, 00) ii y = 00 and as 
(—00, y] if a:; = —00. Proposition [2]3] analyses the structure of the effective domain Vt of the function A^. 



Proposition 2.3. The effective domain Vt of the cumulant generating function At (defined in (|2.3p ) 
satisfies [0, 1] C X't for all t > and any set of admissible parameter values from (12.21) . Furthermore the 
following statements hold. 

(i) If x{Q) < we have: 

(a) if X (1) < then [u_,w_|-] C T^t for any t > 0; 

(t>) i/ X (1) > then for all t large enough there exists u{t) G (1, u+) such that 

lim u(t) = 1 and [u-,u{t)) C I?t C (— (X),M(t)) . 

(ii) If x{^) > we have: 

(a) if X (1) 5: then for all large t there exists u(t) G (w_, 0) such that 

lim u (t) = and {u (t) , u+] C T>t C {u (t) , 00) ; 

(b) i/x(l) > then for large t there exist uft) G (ii_,0) andu{t) G (l,u+) smc/i i/iai 

lim u (i) = 0, lim u{t) = 1 and Vt = (u (i) , u (i)) . 



Remark 2.4. The following elementary facts are useful in the proof of Proposition 12.31 

(I) Note that it_ = —00 and u+ = 00 if and only if the conditions |p| = 1 and ^fa + 2/9/3 = hold. 
(II) The condition x(l) 7^ implies that u+ > 1 since w+ is the largest root of the quadratic ^{uY 

in p.Sp . In particular in (i)(b) and (ii)(b) of Proposition 12.31 the interval (l,u+) is not empty. 
(Ill) The condition x(0) ^ implies that u_ < 0. In particular in (ii) we have x(0) = /3 > and 
hence the interval (w-, 0) is not empty. 
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(IV) The interval [0, 1] is contained in Vt for all t > since the stock price process {SQexp(Xt))t>o is 

a true martingale. 
(V) If x(0) = then u_ = and u+ = 1/(1 - p^) for \p\ < 1 and w+ = oo for |p| = 1. 



Remark 2.5. The variance process (V()j>q in (|2.ip is a time-changed squared Bessel process (see [2j) 



where Tt := a^ (l — e '^*) / (4/3), and [Rjt] is a squared Bessel process of dimension S := 46/a^, i.e. 
d_Rj = 2i?t dPFi + 5dt and i?^ q = 0. The sign of x(0) = /3 changes the convexity of the time-change Tt. 



Proof. Proposition [22] implies that it is enough to study the effective domain of the cumulant generating 
function A^ of the Heston model. It is clear that the function /(, defined in (|2.5p by 

,<.).c„..(il|)i)-^.„,.(iM^ 

will play a key role in in understanding the set Vf. 
Case (i): If wc can prove that 

(2.10) ft{u)>0, for allue [u_,l], 

then Proposition l2 .21 implies that [u_, 1] C Vt since the functions on both sides of (|2.6p can be analytically 
extended to a neighbourhood of [w_ , 1] in the complex plane and hence coincide on the interval. 

We now prove (j2.10p . It follows from the definition of 7 in (|2.5p that \x{u)/j{u)\ < 1 for all u E [0, 1] 
and hence (|2.10p holds on [0, 1]. It is easy to see that lim„\^„_ x(") ^ 0. Since x(0) = /3 < we have 
x{u) < for all u e [w-, 0] which implies (|2.10p . 

In case (i)(a) assume first that w+ < 00. Then elementary algebra shows that x(u+) < 0. Therefore 
x{u) < 0, and hence ft{u) > 0, for all u E [l,u+]. li u+ = 00 the condition x(l) < implies that p = — 1 
and therefore x(w) < for all u > 1. Hence ft{u) E (0,oo) for all u E [l,oo) = [l,u+]. Proposition 12.21 
and the analytic continuation argument as above imply [m_,u_|_] C Vf. 

Recall that in case (i)(b) we have w+ > 1 (see Remark l2.4U II)). Let u{t) be the smallest solution of the 
equation ft{u) = in the interval (1,m+). Note that, since 7 is strictly positive on the interval (l,u-|-), 
for a fixed t the equation ft(u) — can be rewritten as 

2 f ^(u) 

(2.11) t^F{u), where i^(u) := -— - arctanh ' '^ ' 



7(u) \x{u) 

This equation has a solution in (1, u_|_) for large t since the continuous function F tends to infinity as u 
decreases to 1 (since lim„\^i 'y{u)/x{u) = 1)- This also implies that the smallest solution u{t) decreases 
to one. The functions on both sides of (|2.6p coincide on [u_, 1], are analytic on some neighbourhood of 
this interval in the complex plane and the right-hand side in (|2.6p is real and finite on [u-,u{t)). They 
must therefore also coincide on [u_,u(t)), which in particular implies [u-,u{t)) C T>t. Formula (|2.6p 
implies that u(t) is not an element of Vt and the convexity of At yields that Vt n \u{t), 00) ~ (it. 
Case (ii): In case (ii)(a) the condition x(l) < implies p < and hence x('") ^ for all u E [l,u+]. 
Therefore ft{u) > on [l,u+] and hence [0,1*+] C Vt. Let u(i) be the largest solution of the equation 
ft{u) = in the interval (uO). Since lim„yio(7(u)/x('u)) = 1, an analogous argument as in the proof of 
(i)(b) shows that u{t) is well defined and the limit in the proposition holds. The proof for the inclusions 
follows the same steps as in the proof of (i)(b). 
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In case (ii)(b) we have x(0) = (3 > and x(l) > 0. Therefore the definitfon of 7, given in (|2.5p . imphes 

hm -^ = 1 and hm -^ = 1 

uyo x[u) u\i x(u) 

and hence, by (|2.1ip . there exist solutions to the equation ft{u) = in both intervals (it_, 0) and (1, u+). 
Let u(t) be the largest solution in (u_, 0) and ?l(t) the smallest solution in (1, m+). An analogous argument 
to the one in the proofs of (i)(b) and (ii)(a) gives the form oi Vf. D 

2.2. Large deviation principles and the Gartner-Ellis theorem. We review here the key concepts 
of large deviations for a family of real random variables {Zt)t>i and state the Gartner-Ellis theorem 
(Theorem 12. 6p . A general reference for all the concepts in this section is [H Section 2.3]. 

Assume that the cumulant generating function Af (u) := logE (c"'^*) is finite on some neighbourhood 
of the origin and that for every u G K. the following limit exists as an extended real number 

(2.12) A(u) := lim t'^Afiut). 

Let I?A := {u G M : |A(u)| < 00} be the effective domain of A and assume that 

(2.13) e VI, 

where 2?^ is the interior oiT>\ (in E). Since Af is convex for every t by Holder's inequality, the limit A is 
also convex and the set 2?a is an interval. Since A(0) = 0, convexity implies that for any u G M. we have 
A(w) > — OD. The function A : M ^- (—00,00] is said essentially smooth if (a) it is differentiable in V^ 
and (b) it satisfies lim„_>oo |A'(un)| = 00 for every sequence (M„)„gN in V}^ that converges to a boundary 
point of V^. A cumulant generating function A which satisfies (b) is called steep. The Fenchel-Legendre 
transform A* of A is defined by the formula 

(2.14) A*(x) :== sup{ux - A{u) : ueR}, for ah x e R 

with an effective domain I?a* := {x G R : A*(x) < 00}. Under certain assumptions A* is a good 
rate function, i.e. is lower semicontinuous (since it is a supremum of continuous functions), satisfies 
A*(M) C [0,00] (since A(0) ~ 0) and the level sets {x : A*{x) < y} arc compact for all y > (see [H 
Lemma 2.3.9(a)]). In general A* can be discontinuous and 2?a* can be strictly contained in M (see [H 
Section 2.3] for elementary examples of such rate functions). We say that the family of random variables 
{Zt)t>i satisfies the large deviations principle (LDP) with the good rate function A* if for every Borel 
measurable set i? in R the following inequalities hold 
(2.15) 

- inf{A*(a:) : x E B°} < liminf - logP[Zt E B] < lim sup - log¥[Zt E B] < - inf{A*(.T) : x eB}, 

t^oo t t^oo t 

where the interior B° and the closure B of the set B are taken in the topology of R and inf = 00. 
It is clear from definition (|2.15p that if {Zt)t>i satisfies the LDP and A* is continuous on B, then 
limt^oo ^logP [Zt E B] ^ — inf{A*(a;) : x E B}. An element y G R is an exposed point of A* if there 
exists Uy E R such that 

(2.16) yUy^k*{y)>xUy-K*{x) for ah a; e R\{2/}. 

Intuitively the exposed points are those at which A* is strictly convex (e.g. the second derivative is 
continuous and strictly positive). The segments over which A* is affine are not exposed. Note that (|2.16p 
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can only hold for y g I?a and, if A is differentiable in P^, than Uy is the unique solution of A'(w) = y. 
We now state the Gartner-Ellis theorem the proof of which can be found in [5J Section 2.3]. 

Theorem 2.6. Let {Zt)t>i be a family of random variables for which the function A : M — > (—00,00] 
in (|2.12p satisfies (j2.13p . Let F be a closed and G an open set in R. Then the following inequalities hold 

linisupt"^P[Zt e i^] < -inf{A*(x) : x(^F}, 

t—^OQ 

liniinft"^P[Zf e G] > -inf{A*(a;) : .xeGnf}, 

i— f 00 

where £ := {j/ G M : y satisfies (|2.16p with Uy e 2?^}. Furthermore if A is essentially smooth and lower 
semicontinuous, then the LDP holds for {Zt)t>i with the good rate function A*. 

2.3. LDP in affine stochastic volatility models. In this section we analyse the large deviations 
behaviour of the family of random variables Zt := Xt/t for t > 1. Corollarv 12.71 — which follows from 
Propositions l2.2l and l2.3l — describes the properties of the cumulant generating function A defined in (|2.12p . 
and its Fenchel-Legendrc transform A* is studied in Proposition 12.101 The main result of this section, 
Theorem 12. 121 states that the family {Zt)t>i satisfies a large deviations principle with rate function A*. 

Corollary 2.7. The limiting cumulant generating function p.l2p for the family of random variables 
{Xt/t)t>i, where {Xt)t>n is defined by SDE \2.1\ .is given by 

A (u) ^ (x {u) + 7 {u)) + '^u{u- 1) for all u € Pa, 



with the functions x and 7 given in p.4|) and (j2.5p respectively. The function A is infinitely differentiable 
on the interior "D^ of its effective domain. The boundary points u_ and «+, defined in (|2.8|) and p.9p . 
can be used to describe the effective domain T) t^ as follows. 

(i) If X (0) < we have: 

(a) J/x(l) < thenT>A ~ [u_,ii+]; 

(b) if xil)>0 then Va = [u-,1]. 
(ii) // X (0) > we have: 

(a) i/x(l) < f/ienPA = [0,u+]; 

(b) i/x(l) >0 thenVA^ [0,1]. 



Remark 2.8. From Corollarv l2.71 the following facts can be deduced immediately for the large deviations 
behaviour of the family of random variables {Xt/t)t>i. 

(I) In case (i)(a) the function A is essentially smooth. 

(II) In case (i)(b) (resp. (ii)(a)) the function A is steep at the left boundary u_ (resp. right boundary 
u+) but not at the right (resp. left) boundary of the effective domain. 

(III) In case (i)(b) (resp. (ii)(a)) the right (resp. left) boundary point of the effective domain is strictly 
smaller (resp. greater) than u+ (resp. u_). This is a consequence of (II) and (III). 

(IV) In case (ii) (b) the function A is not steep at either of the two boundaries of its effective domain. 
Furthermore I?a is contained in the interior of the interval [m_,u-(-] by (II) and (III). 

(V) As a consequence of (I)-(IV) the limiting cumulant generating function A is steep at a boundary 
point of the effective domain if and only if this point is an element of the set {«_,«+}. 
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(a) Case (i)(a) 




(c) Case (ii)(a) 




(b) Case (i)(b) 



(f) Case (ii)(b) 




(c) Case (i)(a) 



(g) Case (ii)(a) 




AV(0) A- (1) 



(d) Case (i)(b) 




(h) Case (ii)(b) 



Figure 1 . The four figures on the left represent the function A characterised in Corol- 
lary [2?7l The four figures on the right represent the Fcnchcl-Legendrc A* determined in 
Proposition 12.101 The dotted line on the graphs for A* represent the threshold A'_ (1) 
and A^ (0) above or below which A* becomes linear. 



Note that when m_ (resp. u+) is not in I?a then the function A is discontinuous at (resp. at 1). We 
henceforth define the following extended real numbers 

(2.17) A_(l) := lim A(u), A+ (0) := lim A (u) , A'_ (1) := lim A' (u) , A' (0) := lim A' (u) . 

Uy^l u\0 U/^1 'ti\0 

The functions A and A' arc monotone on the intervals (0, e) and (1 — e, 1) for small enough e. hence all 
the limits exist. Note further that the limit A^ (0) (resp. A'_ (1)) is equal to — oo (resp. oo) if and only 
if X (0) = (resp. x(l) = 0). 



Remark 2.9. At zero and one the following identities hold 

1 
h 



A+(0) = — (x(0) + |x(0)|) and A'^ (0) 



A_(l) = — (x(l) + |x(l)l) and A'_ (1) 



lx(o)| 

-a/2, 



(x(l)-x(0))A+(0) 



a 
2' 



— oo, 
1 



if X (0)^0, 

if X(0) = 0, 6 = 0, 
ifx(0) = 0, MO, 



lx(i)l 

a/2, 

oo. 



(X(1)-X(0))A_(1) + -J+-, if X (1)^0, 



ifx(l) = 0, 6 = 0, 
ifx(l) = 0, 6^0. 



Note that the inequalities A+ (0) < and A_ (1) < hold for any admissible set of parameters. The case 
x(0) = and 6 = is rather degenerate, and we refer the reader to Remark 13.41 for further details. 



Proposition 2.10. The Fenchel-Legendre transform A* defined in (j2.14[) for the family of random vari- 
ables {Xt/t)t>i, where {Xt)t>o is given by SDE (j2.ip . can be represented as follows 



(2.18) 



xu^; - A (ux) , for all x e A' (2?^) , 
A* (x) = <( x-A- (1) , for all x e [A'_ (1) , oo) n (R\A' (VI)) , 

-A+ (0) , for all x G (-oo, A'^_ (0)] n (R\A' (X>^)) , 
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where Ux is the unique solution in 2?^ to the equation A' (u) = x for all x € A' (2?a)- Furthermore A* is 
continuously differ entiable on its effective domain I?a* and I?a* = M. 

(i) The function A* attains its global minimal value — A+ (0) at A'^(O). IfO(z 2?^ then the minimum 
is attained at the unique point A^(0) = A'(0) and the minimal value is A*(A'(0)) ~ A_|_ (0) = 0. 
If ^ 2?^ the minimal value is attained at every x e (— oo, A^ (0)1 n (M\A' (2?^)) 
(ii) The function x i— > A*(.t) — x attains its global minimal value — A_ (1) at A'_(l). // 1 G 2?^ then 
the minimum value A_ (1) = A(l) = is attained at the unique point A'_(l) = A'(l) which is 
therefore the unique solution to the equation A*(a;) = x. If I ^ 2?^ ^^^ function x i— > A*(a;) — x 
attains the minimal value at every x E [A'_ (1) cx)) n (M\A' (2?^)). 

Remark 2.11. 

(i) Since A is a strictly convex smooth function on 2?^, the first derivative A' is invertible on tliis 
interval and u^ is a strictly increasing, differentiable function of x on A'(2?J(). Furthermore the 
equality (A*)' {x) = u^ holds for any x £ A' (2?^). 

(ii) Corollary 12 . 71 implies the following form for the interval A' (2?^): 



(2.19) A'(2?X)=< 



M, ifx(0)<0, x(l)<0, 

(-(»,A'_(1)), ifx(0)<0, x(l)>0, 

(A;(0),oo), ifx(0)>0, x(l)<0, 

[ (AV(0),A'_(1)), ifx(0)>0, x(l)>0. 

Hence the second case in (|2.18p corresponds to x (1) > and the third case occurs when x (0) > 0. 
(iii) When a is null, the unique solution u^. to the equation A' (u) = x, when x € A' (2?^) is given by 

(2.20) ""-- on ^^ ^ (2p/?+V^+ , ^^""^^ I, 

2(1-^ )^V ^p{xf + bHl^p^)) 

where 



(2.21) Ux = - ^,^ ^ \- 1_.2 , whenever p G {-1,1}. 



p (x) :== bp + xV^, and (, := ^^(2^/3 + V^)% 4/32 (1 _ p2). 

This, together with (|2.18p . yields an explicit formula for the rate function A*. Note that u^ is well 
defined as a limit when \p\ tends to 1 and 

1 6-2/3a; 46/3 + p(6 + 2/3a;)V^ 
4 2/3 + pV^ (&p + x^f 

(iv) When the parameter a is not null, we do not have a closed- form representation for u^^ and hence 
not for the function A* cither. However computing A* is a simple root-finding exercise and the 
smoothness of the function A makes it computationally quick. 

Proof of Provosition \2. lO[ Let u^ G 2?^ be the unique solution of A' (u) = x, which exists by Re- 
mark [2lTT] (i). It is clear from definition p.l4p that, for x G A' (2?^), the Fenchel-Legendre A* takes 
the form given in the proposition. 

Assume now that A'_(l) is finite. This is equivalent to x(l) 7^ which implies that for every u G 2?^ 
we have u < 1. Then for any x G [A'_ (1) , 00) n (R\A' (2?^)) the inequality A_ (1) - A{u) < x{l-u) 
holds by the Lagrange theorem (and the fact that A' is strictly increasing). Hence formula p.lSp follows. 
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If A^(0) is finite, then for every u£V%we have m > 0. For any x G (-00, A^ (0)] n (M\A' {V%)) the 
inequality ux — A (it) < — A+ (0) holds for all u S I?^. Hence formula (|2.18p follows. 

The function A* is continuously differentiable on R by (|2.18p and Remark 12.111 (i). Note that, if 
G PJyi ^t til'' minimum we have u^ = Q- This implies by definition that the minimum of A* is attained 
at A'(0) = X. The case ^ 2?^ follows in a similar way. 

If 1 e 2?^, then by differentiating the formula in (j2.18p we find that the minimum of x i— > A* (a;) = x 
is attained if and only if u^. = 1, which is equivalent to A'(l) = x. If 1 ^ 2?^, it is easy to see that the 
minimum is attained for all x > A'_(l). This concludes the proof. D 

Before stating the main theorem of this paper, let us define a probability measure P, known as the 
Share measure, via the Radon- Nikodym derivative dP/dP which at time t takes the form c^'. Since 
{G'^*)t>o is a martingale, P is a well-defined probability measure. The cumulant generating functions and 
consequently the Fenchel-Legendre transforms of X under P and P are related by 

(2.22) A(u) = A(u + 1), for ah M such that (1 + It) e Pa, and A*(a;) = A*(x) -.t, for all x G M. 

We are now equipped to state the main theorem of this paper, the proof of which is postponed to Section|31 

Theorem 2.12. The family of random variables {Xt/t)t>i where the process X is defined in (|2.ip 
satisfies a large deviations principle under P (respectively under P) with rate function A* described in 
Proposition\KM(resp. A* in (g^Slj • 

3. ASYMPTOTICS OF OPTION PRICES AND IMPLIED VOLATILITIES 

In this section we relate the rate function A* governing the large deviations of the family {Xt/t)t>i to 
the option prices in the case of model (|2.ip and the Black-Scholes model. These asymptotic option prices 
will then be translated into implied volatility asymptotics. 



3.1. Asymptotics of option prices. Theorem 13.11 and Corollary 13.21 below describe the limiting be- 
haviour of European option prices respectively in the model (j2.ip and in the Black-Scholes model when 
the maturity tends to infinity. These results were proved in |12j and we recall them here to highlight the 
importance of proving a large deviations principle under both probability measures P and P. 



Theorem 3.1. Let the Fenchel-Legendre transform A* be as in (|2.14p for the family of random variables 
{Xt/t)t>i, where {Xt)t>n is given by SDE (j2.ip . and let x £ ^ be a fixed number. 

(i) If {Xt/t)t>i satisfies the LDP under the measure P with the good rate function h* , the asymptotic 
behaviour of a put option with strike e^* is given by the following formula 

limilogEf(e--e-')l4'"^*^-^^' '^•^^^'-(«)' 

t^oot ^ V^ ^ \ \ x--A+(0), z/x>A;(0), 

where A+ (0) and A'^(O) are defined in ()2.17p . 
(ii) If (Xt/t)t>i satisfies the LDP under the measure P with the good rate function A*, the asymptotic 
behaviour of a call option, struck at e^* , is given by 

f x-A*{x), z/x>A'_(l), 
1 -A_(l), z/x<A'_(l), 



lim - log E 

i— >-oo t 



^Xt 
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(in) If {Xt/t)t>i satisfies the LDP under both P and P with the respective good rate functions A* and 
A*, the asymptotic behaviour of a covered call option with payoff e^^ — ie^^ — e^*) is given by 

^lim f-ilog^l-Ekc^'-c^*)^]) =a;-A*(x), if x € [A^ (0) , A'_ (1)] . 

Let us consider the Black-Scholes model where the process {Xt)^^^ satisfies the SDE dXt = — I]'^/2dt + 
EdWt, with S > 0. Its hmiting cumulant generating function reads Abs(u) = u (u — 1) Y? /2 for aU u e M, 
and we define its Fenchel-Legendre transform (|2.14p A3g(-, S). Since the function 9j.Agg(-, E) is strictly 
increasing on the whole real line, the equation Agg (u) = x has a unique solution u^ & ^ for any real 
number x. It is straightforward to see that Ux = x/Y? + 1/2 and hence Agg (a:, S) = {x + E^/2) / (2S^) 
for all a: S R. From this characterisation it is immediate to see that dx^'^a, {x, E) = if and only if 
X = -S2/2 and Q^^A^g {x, S) = 1 if and only if a; = E'^/2. 

Corollary 3.2. Under the Black-Scholes model, we have the following option price asymptotics. 

1 / , VN I a; - A^g (a;, E) , if x < -Y? 12, 

lim -logE(e^*-e^*)^ = <^ bs V : ^ > J - / ' 

limllogE(e-*-e-LJ^-^-(^,S), ^f^>^V2. 

ifx<-iY:^/2, 

}^ 1 ^°S {^-^ (°''' - °''*)+) = \ "" ^BS (-^, S) , ifxe (-31] V2, EV2] , 

ifx> S72. 

3.2. Implied volatility asymptotics. We now translate the large-maturity asymptotics for option 
prices proved above to the study of the implied volatility. Proposition 13.31 provides the limit of the 
implied volatility for continuous afhne stochastic volatility models ()2.ip . For any real number x, let at{x) 
represent the Black-Scholes implied volatility of a European call option with strike price Sge^* in the 
model (|2.ip . Let us further define the function CToo : R — > R+ by 

(3.1) cr^(.T) := 2 (2A*(x)- a; +1(0;) (a* (a;) (A* (x)-x)y j , for all .t G R, 
where the function Z : R — > R is given by 

I (a;) := 2 (l{,e(A;(o),A'_ (i))} + ^gn (x(0)) 1{.<a;(o)} + ^gn (x(l)) 1{.>a'_(i)}) ' 

with sgn(x) = 1 if a; > and — 1 otherwise, and where the function A* is defined in p.lSp . The following 
proposition gives the behaviour of the implied volatility at as t tends to infinity for all afiine stochastic 
volatility models with continuous paths. In [6] and [12], the quantities x(0) and x(l) are assumed to be 
strictly negative, and hence the function I here is more general than the function I in these two papers. 

Proposition 3.3. The function (Too defined in (|3.ip is continuous and the equality lim at {x) = (Too {x) 

i— foo 

holds for all X Cz ^ if the parameter b in the model (|2.ip is not null. 

Proof. From Theorem 13.11 and Corollarv l3.21 the implied volatility (Tqo satisfies the quadratic equation 

(3.2) A*(a;)-A^g(x,(Too(a;)), 
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for all real number x. The proof of the corollary therefore consists of (a) finding the correct root of 
this quadratic equation and (b) proving the the function at{x) converges to this root for all x in the 
corresponding subset of the real line. The proof is analogous to the proof of [T^ Theorem 14], and we 
therefore omit it for brevity. We also refer the reader to the recent work [5] for the general methodology 
to transform option price asymptotics into implied volatility asymptotics. D 



Remark 3.4. From Corollary 12. 7[ the case 6 := can be handled directly since the limiting cumulant 
generating function reads A(u) = ^au{u— 1), for all u e Pa = [0,u+], where u+ is given in (|2.9p . 
Proposition 12.101 also implies that A*(x) ^ for ah x < A',_(0) = -a/2 and A*{x) = k*^^[x,^fa) 
otherwise. Therefore the limiting implied variance a\^(x) is equal to — 2x for all x < —a/2 and is equal 
to a for all x > —a/2. Note that in the case x{l) = 0, the effective domain T>\ reads [w_, 1], where w_ is 
given in (|2.9p . but the function A is steep at the right boundary of the domain. 

3.3. Convergence of the implied volatility of the Heston model to SVI. In [9], Gatheral proposed 
the so-called 'Stochastic Volatility Inspired' (SVI) paramcterisation of the implied volatility smile. Using 
the closed- form representation of the rate function A* fProposition 12.1(31 and Equation (|2.20p ) in the 
Heston model = 0, Gatheral and Jacquicr |10| proved that this paramcterisation was indeed the true 
limit of the Heston implied volatility smile as the maturity tends to infinity for strikes of the form 5'oe^*, 
whenever both conditions x(0) < and x(l) < a-rc met. Corollarv 13.51 below extends their result 
without these conditions. Its proof follows from straightforward manipulations of Formula p.ip and we 
therefore omit it. Recall that the SVI parameterisation for the implied variance reads 

(3.3) aivi l-^) = Y ( 1 + ^2pa; + ]/ {uj2X + pf + 1 - pA , for all xeR, 

where (uji,uj2) G M^ and p G [—1, 1]. Let us further define the mappings 



(3.4) u, := ^ ^^^^ ^^^ U{2f3 + p^' +a{l-p^) + (2/3 + pV^\ 



A ^ 

and UJ2 '■= — ;— . 
b 



Corollary 3.5. If a = and b ^ 0, the asymptotic implied volatility a^c in p.ip simplifies as follows: 

(i) for all X e A' {Ty^J, under the mappings p.4p . cr^ (x) = crgyi (x); 
(a) J/x(l) > 0, define Ai := y/2bx{l), then 



cr^(a;) == 2a; H ^ ( Ai + ^J Xf + ax ) , for all x > A'_(l); 



(Hi) if x{Q) > 0, define Aq := ■\/26x(0), then 

f^L(a;) = -2a; + — ^ ( Aq + ^J-{Xl + ax)j , for all x < A^(0); 

Remark 3.6. 

(a) The case b = was treated in Remark 13.41 

(b) The interval A' (2?^) corresponds to the subset of the real line where the function A* is strictly convex. 
When x(l) < and x(0) < (as in [10]), this interval corresponds to the whole real line. 
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(c) When a — 0, the quantities in Remark 12.91 simphfv to 

A+{0) = - — , AV(0) = --^f4p+^), whcnx(0)>0, 



a 



2VS V /? 



A_(l) = -^(/3 + py^, AUl).-^(4,+ ^), whenx(l)>0. 

Remark 3.7. Note that wi in (|3.4p is a continuous function of p G ( — 1,1) and has the following limits: 

wi = -26/ (2/3 + V^) , if 2/3 + p\/^ < 0, when p = 1, 
wi = -26/ (2/3 - Va) , if 2/3 + pV" < 0, when p = -1, 

It diverges to ±oo in the other cases. In terms of the SVI implied volatility smile, whenever p E { — 1, 1}, 
we can plug these limits when they exist into (|3.3p . or simplify directly p.ip using (|2.2ip . and we obtain 

{6 + nx\/a „ , — 

2/3 + pV" 
0, if6 + pxVa<0. 

When x(0) < and x(l) < 0, this is consistent with the fact — see [IHl Proposition 5] — that for any 
maturity the implied volatility is decreasing (resp. increasing) whenever the correlation parameter p is 
equal to —1 (resp. equal to 1). In the case p = —1, the proof of this statement in [5D1 Proposition 5] is 
based on the following remark: if {Xt)t>Q satisfies the SDE (|2.ip . then Ito's formula gives 

Xt = Xo-l f Vsds + ^^ii^ -J-fvt-pf V,ds] , for any t > 0. 

When /3 < 0, since the variance process {Vt)^^Q is not negative, it is clear that for any t > 0, the random 
variable Xt is bounded above, and hence, the implied volatility is null above this level. As soon as /3 is 
strictly positive, this bound does not hold anymore and the implied volatility is not flat any more. Note 
further than the condition x(l) ^ implies the inequality x(0) ^ when p = — 1. In the Heston model, 
this implies that only Case (i) in Corollary [33] applies, i.e. the SVI parameterisation holds on the whole 
real line. The case p = 1 is symmetric (under the Share measure) and we omit an analogous discussion. 

4. Proof of Theorem 12. 121 

Wc split the proof of the theorem according to the four cases arising in Corollarv l2.7l In the case (i) (a), 
since the limiting cumulant generating function A is differentiable and essentially smooth in the interior 
of its domain I?a and e I?a (Corollarv l2.7p . then the theorem follows by a direct application of the 
Gartner-Ellis theorem. This case was already proved when a = in [6] and when a =/= — albeit in a 
more general framework — in [12]. In the case (i) (b), the effective domain 2?a is [u-, 1] with u- < 0, but 
the function A is not steep at the right boundary, and hence the Gartner-Ellis theorem does not apply. 
Proposition 14 . 1 1 shows that a full LDP however still holds in this case. The proof of this theorem relies on 
Lemina l5.2l and Lcmma l5.3l Lemma 15.21 concerns the behaviour of the function At in (|2.6p around 1 as f 
tends to infinity and Lcinma l5.3l is a weak convergence result for the process (A"t)j, q. For sake of clarity, 
we postpone these lemmas and their proofs to Appendix [5] Proposition 14.21 deals with the case where 
I?A = [0, M+] with u+ > 1 and Proposition 14.21 states a LDP when 2?a = [0, 1]. By a shifting argument. 
Theorem 12 . 121 clear Iv holds under P as soon as a large deviations principle is satisfied in all cases under P. 
We therefore state the three propositions below under the measure P. 
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Proposition 4.1. In case (i)(b), the family (^t/Ot>o satisfies a LDP under P with rate function A*. 
Proposition 4.2. In case (ii)(a), the family (^t/i)j>o •''^^^s/ie.s a LDP under ¥ with rate function A*. 
Proposition 4.3. In case (ii)(b), the family (Xt/t)j^g satisfies a LDP under ¥ with rate function A*. 

Remark 4.4. 

(i) In the case x(l) = 0, the domain X>a of the hmiting cumulant generating function A is [m_, 1] and 
the function is steep at the right boundary w+ = 1 and therefore the Gartner-Ellis theorem holds. 
However, under the Share measure defined on Pagc[TUl the origin is in I?a but not in its interior. 

(ii) In view of Remark 12.41 (III) and Corollarv l2.71 the origin is not in the interior of 2?a when x (0) > 0. 

Notation. For any t > 0, we shall denote by Pt the law of the random variable Xt- 



Proof of Proposition \4-. 1\ In the case T>\ ~ [u_, 1] with ii_ < 0, the limiting cumulant generating function 
A is not steep at the right boundary 1 any more. The upper bound holds for compact sets in M by 
Chebychev inequality, and its extension to closed sets is a consequence of the origin being inside the 
interior of the domain of the limiting log Laplace transform A. These arguments arc the same as in the 
proof of the Gartner-Ellis theorem [H Section 2.3]. 

We now prove the lower bound for the liminf on open sets in M. The set of exposed points of the 
function A is the interval (— oo, A'_ (1)) so that the lower bound for open sets in this interval follows 
from the Gartner-Ellis theorem. We therefore consider x > A'_ (1) from now on. Since the function A is 
continuously differentiable and convex on V^, two possible cases arise: either it attains its minimum at 
a unique point uq G V^, and hence A'_(l) > 0, or it is strictly decreasing on its effective domain, which 
implies A'_(l) < 0. In the case A'_(l) > 0, we can define a new probability measure P^ for each < > via 



dPO 



-{z) := exp I iiQzt — Af (mq) ) , for any z G 



The proof of the lower bound then follows exactly as in the standard Gartner-Ellis theorem with this 
change of measure. It can similarly be shown that since A is strictly convex on T)\^ the measure Pj 
converges weakly to a Gaussian random measure with zero mean and variance A"(mo). 

We now consider the case A'_(l) < 0. As in the Gartner-Ellis theorem, it suffices to prove the equality 

lim liminf t"4ogP(A:t/tG [x.x + S)) > -A* (x) . 

In view of Lemma [521 let us define the function At : VtO (— oo, 1) by 

(4.1) At{u):=A{u)t~-\og{l-u). 

a 

The key ingredient now is to remark that, for each < > 0, the function u i— > t^^At{u) is smooth and 
convex in the interval (0, 1) and furthermore is steep at 1. Therefore for any t > 0, there exists a unique 
solution ut to the equation Aj (ut) = 0. Using similar arguments as in [5], it is clear that ut converges to 
1 from below as t tends to infinity. Let us further define a new measure Pt by 



dP / \ 

(4.2) — ^ (z) := exp (utzt - At {ut) J , for any z e 
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For any S > we then have 

r^ \ogPt(Xt/t e{x,x + 5)) = r^ log / exp (a* (ut) - utzt)dFt {z) 

(4.3) = r^ At (ut) -utx + t-^ log f c~"'(^-^'*dPt (z) 

J{x,x+S) 

> t-^Kt {ut) -ut{x + 5) + t-^ logPt (Xt/t e (x, X + (5) ) , 
for t large enough so that ut > 0, and hence 

(4.4) liniliminff"4ogPfXt/t e (a:,a; + (5)') > limini (t~^ At (ut) - Utx) 



lim liminf t 

(5^0 t^-oo 



-ilogPt(Xt/te (a;,x + <5)) 



We now have to find a lower bound for both terms on the right-hand side of this inequality. Since the 
function At is convex for all t > 0, we have At (ut) — At (u) > (ut ~ u) AJ (u) for all u < 1. From [l8| 
Theorem 25.7] we have limt^oo ^^^AJ (it) = A' (u) for all u < 1 and lim inft^oo i^^ At (itt) > A (m) + 
(1 — u) A' (u), which implies that liminft_^oo i^^Af (ut) > A_ (1). The fact that ut converges to 1 as i 
tends to infinity and the characterisation of the Fenchel-Legendre transform A* in Proposition 12 . lOl gives 

liminf (tr^A (ut) - utx) > A* (x) . 

When A'_(l) < 0, Lemma [5751 implies that Pt converges to a probability measure P with full support as t 
tends to infinity, and therefore the last term on the right-hand side of the inequality (|4.4p tends to zero 
as t tends to infinity (for any (5 > 0). This proves the theorem in the case A'_(l) < 0. 
When A'_(l) = 0, we cannot conclude immediately since Lemma l5.3l is a convergence result for the family 
(^Xt/y/t). and wc need a convergence property for the family {Xt/t)^^^. However, we can argue as 
follows. Let (^t)t>o be an independent Levy process with Levy exponent (j) defined on a domain V^ 
strictly containing I?a and such that 0'(1) 7^ 0. Consider now the random variable Yt := Xt + £,. The 
moment generating function of Y is then 

AY{u) := logE (c"^') = At(u) + <l){u)t, 

for any t > and any u € Vt. Therefore 

A^{u) := lim i^^Af (u) = A{u) + (t>{u), for aU u e Pa, 

where I?a is characterised in Corollarv 12.71 In particular, note that 

c)„A!:(1) := lim duA^{u) = A'_(l) + (/.'(I). 

Note that A'_(l) = implies that (9„A^(1) 7^ 0. Since the effective domain of the limiting cumulant 
generating function of Y is the same as that of X, we therefore obtain a large deviations principle for 
the family {t~^Yt) ^^n. as t tends to infinity using the analysis above. If the two families {t~^Xi^ and 
{t~^Yt)f.^n. are exponentially equivalent, then the LDP for {t^^^t) f^n. implies the LDP for {t^^Xt^^ 
by [H Theorem 4.2.13]. Recall that two families are said to be exponentially equivalent if for all (5 > 0, 

limsupf"4ogP ( ^ *~ *^ > ^) = -oo- 



t>0 
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Since P ( ' '~ ^' > 6) = P (|^t| > 5t), we simply need to find a (Levy process) satisfying P (|^t| > St) ~ 
i~^ exp (— ai''), for some a > 0, /? > and 7 > 1 as f tends to infinity. Tlie existence of sucli a Levy 
process is given in [Tni Tlieorem 26.1, case (i)]. D 

Remark 4.5. A similar issue arose in [3] where the authors studied large deviations properties for the 
maximum likelihood estimator of an Ornstein-Uhlenbeck process. When the limiting cumulant generating 
function is flat at the boundary of the domain, i.e. A'_(l) = 0, they showed that the same large deviations 
principle holds. Only the higher-order terms in the asymptotic expansion of the probability change. 

Proof of Proposition \4-^ Let us first consider open and closed sets in the set of exposed points ( A'^ (0) , 00) . 
By [3J Theorem 4.5.3] we know that the upper bound of the Gartner-Ellis theorem holds on compact sets 
even when the origin is not in the interior of the domain of the limiting cumulant generating function. 
In the proof of the Gartner-Ellis theorem the assumption ensuring that the origin lies within the interior 
of Va is required (i) to derive the upper bound for closed sets and not only for compact sets, and (ii) to 
prove that the Fenchel-Legendre transform A* of A is a good rate function. We know that the function 
A* is not a good convex rate function, and we shall see how to deal with this. Let us first prove (i). Let 
B be a Borcl set in E. Wc want to prove that 

(4.5) - inf A*(z) < liminf t^MogP (At/i G B) < limsupt^MogP (At/f G B) < - in^A* (z) . 

The upper bound for compact subsets of the real line follows from Chebychev inequality, and jl71 Propo- 
sition 5.2] shows that this extends to closed sets even when <^ 2?a. In the case where we are only 
interested in intervals (i.e. F{Xt/t < x) or F{Xt/t G [i/,x])), the following argument is self-contained 
and does not rely on [17j : let a; be a real number. For any y < x, Chebychev inequality implies the 
following upper bound on the compact interval [y,x]: 

(4.6) Mmsupt-HogF {Xt/t e [y,x]) <- inf A* (z) . 

t->oo zely,x] 

Since x (0) > 0, the function A* is constant on (— 00, A^ (0)) and strictly increasing outside. Since we 
are interested in the limit as y tends to —00. we can consider y < A* (A'|_ (0)) without loss of generality, 
and hence inf^^^jj, ^.j A* (z) = A* (A^ (0)) always holds for such y. Using the fact that ¥{Xt/t < x) = 
limj,^_oo P (At/t G [y, a:]). Inequality (|4.6p implies that for any e > there exists t* {e) > such that 

P {Xt/t G [y, x]) < exp (-A* (A+ (0)) t + et) , for any t > t* (e) . 

Since the right-hand side does not depend on y we can now take the limit on both sides as y tends 
to —00, and hence t~^ logP {Xt/t < x) < —A* (A^ (0)) + e holds. Since e can be taken arbitrarily small 
we obtain limsupj^^^ t^^ logP {Xt/t < x) < —A* (A'|_ (0)). A similar argument leads the upper bound 

hmsup,^^ f-i logP (A,/t > x) < -A* (a;)l{,>A;(o)} - ^* (K (0)) 1{.<a;(o)}- 

We now want to prove lower bound estimates for the liminf on open sets of the real line. Let us 
consider x > A'_^ (0) and let 77 be the unique solution to A' (r/) = x. Let us define a new measure Qt by 

(4.7) — -^ (z) :=exp(77zt- At (77)), for any z G M. 

dP 
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For any S > small enough, denote B^j the open ball centered on x with radius S, then we have 
i-i logP(Xt/< e B,^s) - t-' log f exp (At (?/) - 77zf)dQt (z) 






= tr'At (77) - ?7x + t-' log / exp (-77 (z - x) i) dQt (z) 

> t-1 At (77) - 77X - I77I (S + t-i log Qt (Xt/t e B^^s) , 

and hence 

lim liminf t"^ logPfXt/t G B^ 5) > liminf (t^^A (77) - 77a;) + lim liminf t"^ \ogQt(Xt/t e S^; , 

(4.8) > -A* (x) + lim lim inf t~^ log Qt f Xt/f G S^ 5 V 

We now have to find a lower bound for the last term on the right-hand side of this inequality as t tends to 
infinity and 5 to zero. Define the function A (•) := A (• + 77) — A (77). A is the limiting logarithmic moment 
generating function of Qt and for each t > 0, we denote At the logarithmic mgf of Qt, and we have 

r^At (A) := t-i log / c^^*dQt (z) = t'^At (A + 7/) - t-^At (77) , 



which converges to A (A) as t tends to infinity. We now define the Fenchcl-Legendre transform A* of A as 

A* (z) := sup |Az - a (A) I = a* (z) - 77Z + A (77) . 

Let B^ g denote the complement in M of the open ball B^^s- We can now apply the upper bound estimate 
derived above for the measure Qt on the closed set B^ g: 

limsupt-i logQt {Xt/t eB^g) <- inf A* (z) . 

Since A* (x) > rjx — A (77) by definition of the Fenchel-Legendre transform, we have 

inf A*(z)= inf {A*(z)-(77z-A(77))}= inf (sup (Az - A (A) ) - (77Z - A (77))) > 0. 

The expression sup^j^^g (Az — A (A)) — (77Z — A (77)) above is always not negative and is null if and only if 
77 = A. The strict monotonicity of the function A' on the interval (A'^ (0) , 00) implies that z ^ x, which 
is not possible since z takes values only in the complement of the open ball B^j- Hence inf^gsc A* (z) 
is strictly positive for all x > A^ (0). This implies that limsupt^o^ t^^ logQt [Xt/t £ B!^ g) < and 

therefore Qt [Xt/t £ B^ g) tends to zero and Qt {Xt/t G B^.s) tends to one as t tends to infinity for all 
5 > 0. In particular this implies 

lim liminf i-iQt (Xt/t e BZ g) = 0, 

and the result follows from (j4.8p . 

Consider now open or closed sets in the interval (— oo,A^(0)). The proof of the theorem follows 
analogous steps as the proof of Proposition 14.11 on sets in (A'_(l),oo). We consider a time-dependent 
change of measure, use an auxiliary convex function At, steep at and well-defined on (0, oo)nl?t, for each 
i > 0. This function clearly exists since the function At itself is steep at the left boundary of its effective 
domain 2?t which converges to the origin from below. Lemma 15.41 proves weak convergence results for 
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the random variable ( ttj Xt/t\, where it\ is equal to 1 if A^(0) > and is equal to y/t if A^(0) = 0. 
Therefore, using analogous arguments as in the proof of Proposition 14. 1[ the proposition follows. D 



Proof of Proposition \4-S\ The limiting cumulant generating function A is not steep at either boundary or 
1. A large deviations principle clearly holds on any subsets of (A^(0), A'_(l)). For subsets of (A'_(l), cx)), 
we appeal to Proposition 14. 1 1 and for subsets of (— oo, A^(0)), we appeal to Proposition 14.21 D 

5. Technical lemmas 
Lemma 5.1. If x (0) > 0, the following holds for the function At as t tends to infinity: 

t~^At (m) = A(m) log(w) + t-'^Rf^ (u), for any ueVtCi (0, oo) , 

at 

where for any t > 0, the function R\ . DtC) (0, oo) — > R is analytic and converges on any compact subset 

ofVtn{i,(x). 

Proof. From (j2.5p . we clearly have ft (u) ^ cosh (7 (u) t/2) |1 — x (u) /-f {u)\ as t tends to infinity, so that 



log {ft (u)) = log 



1 



7(u) 



+ 7 (u) t/2 - log (2) + a fe"''*"^*] , as t tends to infinity. 



The condition x(0) > implies that 1 — ^i^ = -^ + O (w^), and the last term in the expression (|2.6 



for A^ clearly satisfy the properties we need for the function Rj. . D 



Lemma 5.2. The following holds for the function At as t tends to infinity: 

t^^At (u) = A (u) log (1 - u) + i-ii?P^ (u) , for any ueVtCi (-00, 1) , 

at 

where for any t > 0, the function Rj. : I?t n (— (X),l) — > M is analytic and converges on any compact 
subsets ofDt H (—00, 1). 

Proof. Let us consider the first case x (0) < and x (1) > 0- From (|2.5|) . we clearly have that ft [u] ^ 
cosh (7 (u) t/2) |1 — X ("") /l {u)\ as t tends to infinity, so that 



log {ft {u)) = log 



^ Xiu) 



+ 7 {u) t/2 - log (2) + o fe^''^")*') , as t tends to infinity. 



7(m) 

Note further that the assumption x(l) > implies the expansion 1 — ^4^ = —^{u— 1) /x (1) + 
O I (u — 1) ). It is straightforward to see that the last term in the expression (|2.6|) for A^ satisfy the 
properties we need for the function Rl . □ 

Recall that the logarithmic Laplace transform of a Gamma-distributed random variable Y with strictly 
positive parameters Ci and C2 (^ "^ L (Ci, C2)) reads logE (exp {uY)) = —(^1 log (1 — C2'"), for all u < 1/C2- 
We also denote S (C) the distribution of a Dirac random variable with parameter ^, Af (/i, ;/) a standard 
Gaussian with mean fi and variance v, and the symbol * stands for the convolution operator. 
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' (1)- 
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Lemma 5.3. Under the measure P* defined in (j4.2p . the sequence of random variables I ttj Xt/t\ > 
converges weakly to the random variable Y where 

'2b 26 



Y^< 



5 (A'_ (1)) * r 



a ' aA'_ (1) 



^f 



'-!^^^:^,aui)]^tI'' 



26 



and Trf ^ = 1, if A'_ {1) < 0; 



and Trf =Vi, i/A'_ (1) = 0. 



a'y aA'I(l) / ' 
Proof. Consider first tliat A'_ (1) < 0. For all i > and all ^ such that ut + £,/t G 2?t, wc can write 

logEp^ (^cxp U^j) = log%^ (cxp ((ut + ljXt- At {utUj = At (ut + f j " A* (ut) . 

From Lemma [5^ and the fact that Aj (ut) ~ (see (j4.ip ). a Taylor expansion around 1 gives 

(5.1) A'_ (1) + (ut - 1) A': (1) + ^^1^^^ + 0[{1- utf) = 0. 

From (|5.ip we have 

26 



(5.2) 

and hence using Lemma |5.2[ 



lim i (1 — Ut) 



aA'_{l) 



At ( Ut + I j - At (lit) = t (^A Ut + I j - A (ut) j - ^ log n - ^^3^- j + i?t Ut + I ) - i?t (ut) . 



Therefore the equality (|5.ip and the limit in ()5.2p imply the following behaviours 
tfAfut + ^)-Aiut)]=^A'_il)+o{l), and -^log^-^ ^ 



26. 



<A/ 



log 1 + -^A'_(1) +o(l), 

1 — Ut / a V 26 



Since the function i?t converges on any compact subset of Vt we eventually obtain 

hm Ep^ (exp i^Xt/t)) = (A'^ (1) - - log f 1 + ^A'_ (1)) , 

which proves the lemma in the case A'_ (1) < 0. 

Let us now consider the case A'_ (1) = 0. For alH > and all ^ such that ut + £,/^/i^ G Vt, we have 

logEp^ f exp U^jj = log%, (exp N ut + ^ j Xt - At (ut) j j = At (ut + -^ j - At (ut) . 

The expansion (|5.ip now gives us 

^2 26 



(5.3) 



lim t (1 — Ut) 

t—^oo 



aA"_ (1) '' 



and hence using Lemma 15.21 we again have 

At fut + ^j -At(ut)=<f AUt + ^j -A(ut) 

Therefore the equality (|5.ip and the limit in (|5.3p imply the following behaviours 



26 / f-i/2f\ / f 

-log(l-^j+i?t(.t + ^)-i?t(ut). 



t(A(ut + ^)-A(ut))=|^A':(l)-^ 



1 
Vt 



2bA'L (1) 



a 



0(1), 



a V 1 - Uf 



26, / ^ /aA'_:(l)\ 
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Since the function Rt converges on any compact subset of Vt we obtain 



/ / , r\\ C^ >, , . 2bA" (1) 26 / /aA"(l)\ 

lim E,^ (exp (eX./V^)) . ^A': (1) - ^^^ii - - log [l - ?V^ j ' 

which proves the lemma in the case A'_ (1) = 0. D 

Following similar steps as in the proof of Proposition UTTJ Lemma |5 . II above implies that for any t > 0, 
the function A defined on Vt O (0,oo) defined by 

A^°V) :=A(u)<-— log(u), 
a 

is well defined, convex and steep at the origin. Furthermore for any f > 0, there exists a unique uj" > 
satisfying 9„A I uf."' J = and u^' converges to zero from above as t tends to infinity. Similar to (|4.2p . 
we can now define a new probability measure P*-"' by 

(5.4) ^ (z) := exp {ui°ht - A* [4"^) ) , for any z G R. 

An analogue to Lemma l5.3l — the proof of which follows similarly — brings the following weak convergence 
result under the probability measure p(°^ 

Lemma 5.4. Under the measure F° defined in (|5.4p . the sequence of random variables I tt} Xt/tj > 
converges weakly to the random variable Y where 

' 5 (a; (0)) * r C^, -^:^] , and 4'^ = l, z/ a; (O) > O; 

Y^< 
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